Abstract. We introduce a notion of G-equvalence class of primitive embeddings of an even non-degenerate lattice T into an even unimodular indefinite lattice, where G is a prescribed subgroup of the orthogonal group O(T ), and give a general formula for the number of the G-equivalence classes of embeddings. We then derive a Counting Formula for the number of Fourier-Mukai partners of a K3 surface as a special case of the general formula. For an arithmetical application, we reformulate two questions on class numbers, after Gauss, in terms of FM partners of K3 surfaces. For a more geometrical application, we demonstrate one general and two special mutually opposite behaviours of the number of Fourier-Mukai partners under a one dimensional small deformation. §0. Introduction
§0. Introduction
It was 20 years ago that Mukai discovered the fundamental importance of manifolds with equivalent bounded derived categories of coherent sheaves. Such manifolds are now known as Fourier-Mukai (FM) partners, whose properties Mukai studied especially in the cases of abelian varieties and K3 surfaces from the viewpoint of moduli of stable sheaves and the Hodge conjecture ([Mu 1, 2, 3] ). More recently, among papers inspired by homological mirror symmetry [Ko] [Fu] and geometric mirror symmetry [SYZ] , bounded derived categories of coherent sheaves and FM partners of Calabi-Yau manifolds have also played an increasingly important role. For instance, a number of interesting and unexpected phenomena have been observed when we study mirror K3 surfaces and their FM partners. See [HLOY, Theorem 1.17, Proposition 5.8] . For ρ(X) = 1, for example, the monodromy group of a mirror family of K3 surfaces (cf. [Do] , [To] ) has been found to be closely related to the number of FM partners of X [HLOY] . This observation was inspired by an explicit formula first derived in [Og3] .
The aim of this note is to formulate and prove an explicit Counting Formula for the cardinality of the set F M (X) of FM partners for an arbitrary projective K3 surface X (The Counting Formula 3.4). The formula is written in terms of the Néron-Severi lattice N S(X) and the Hodge structure (T (X), Cω X ) of the transcendental lattice T (X). We emphasize that the formula precisely connects the geometrical quantity |F M (X)| with a purely arithmetical quantity. As an easy but remarkable consequence, we see that a "general" K3 surface X with ρ(X) ≥ 3 has no FM partner other than X itself (Corollary 3.5). This is in sharp contrast to the cases of ρ = 1, 2 described in [Og3] .
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When ρ(X) = 2, we give an explicit upper bound for the number |F M (X)| in terms of d := det N S(X) (Corollary 3.6). By induction, an explicit bound can be given for arbitrary X with ρ(X) ≥ 3. In this case, using a theorem of Cassels [Cs] , we also give a precise numerical criterion under which |F M (X)| can be computed exactly (Corollary 3.7).
For an arithmetical application of the Counting Formula, we reformulate two questions on class numbers, after Gauss, in terms of FM partners of K3 surfaces of Picard number 2 (Theorem 4.2, Questions I' and II' in §4). Given a prime number p ≡ 1 mod 4, let h(p) be the class number of the real quadratic field Q( √ p). Two famous questions, circa 1800, are these.
Question I. Are there infinitely many primes p such that h(p) = 1?
Question II. Is there a sequence of primes p 1 , p 2 , ... such that h(p k ) → ∞?
Our reformulation of these arithmetical questions affords us a new geometrical approach to studying them via moduli of stable sheaves on a family of K3 surfaces. We will return to these problems in the future.
For a more geometrical application, we also describe one general and two special behaviours of the number of FM partners in a (not necessarily projective) family of projective K3 surfaces f : X → ∆, i.e. behaviours of |F M (X t )| as a function of t ∈ ∆. Our main observations are Proposition 5.1 and Proposition 5.3. Proposition 5.1 is about the behaviour of |F M (X t )| at general points t and shows that the behaviour is fairly stable. This is plausible also from the viewpoint of the relative moduli spaces of stable sheaves (if the family is projective) and suggests a good reason for studying simultaneous FM transforms of fibered Calabi-Yau threefolds. (See also [Th] , [BM2] and [Sz] for relevant work and speculation.) Proposition 5.3, however, shows that |F M (X t )| behaves in a very chaotic way at special points t even if the family is assumed projective. Actually, this Proposition shows two mutually opposite, extreme behaviours of |F M (X t )| at special points. This is somewhat surprising and indicates a subtlety in the study of simultaneous FM transforms of a fibered Calabi-Yau threefold. In terms of the relative moduli of stable sheaves of fibers , this Proposition tells us that it can happen that arbitrarily high number of non-isomorphic isolated components concentrate at one special point, and it can also happen that arbitrarily high number of non-isomorphic components are ramified again at one special point (after identification of isomorphic fibers in moduli is made over the base). Except for a result of [Og3] which involves a very deep arithmetical result of Iwaniec [Iw2] , the basic idea of this application is similar to the one exploited in [Og1, 2] .
Our proof of the Counting Formula is based on the fundamental result of Mukai [Mu3] and Orlov [Or] (see also [BM1] and [HLOY] for summary): Y is a FM partner of X if and only if Y is also a K3 surface and the weight two Hodge structures of the transcendental lattices (T (Y ), Cω Y ) and (T (X), Cω X ) are isomorphic, and is a clarification of idea implicit in the work of Bridgeland, Maciocia [BM1] and in a subsequent note [Og3] . As the reader might observe, most of our arguments are of the following sort: Once one discovers a key notion and an expected formula, then the subsequent proof itself is almost tautological or elementary.
In this sense, the most important part of the proof of the Counting Formula is the discovery of the following three: 1) the notion of G-equivalence classes of primitive embeddings of an even nondegenerate lattice T into an even unimodular indefinite lattice Λ, where G is a prescribed subgroup of the orthogonal group O(T ) (Definition 1.1). 2) the correct formula for the cardinality of the set P G-eq (T, Λ) of G-equivalence classes of the primitive embeddings ι : T → Λ (Theorem 1.4). 3) one-to-one correspondence between the set FM(X) and the set P G-eq (T, Λ) where T = T (X), Λ = Λ K3 , the K3 lattice, and G = O Hodge (T (X), Cω X ), the group of Hodge isometries of the transcendental lattice of X (Theorem 3.3).
The Counting Formula is then a direct consequence of Theorems 1.4 and 3.3. The notion of G-equivalence is a sort of equivariant version of the abstract notion of isomorphisms of primitive embeddings as in [Ni1] . The latter isomorphism classes are exactly the {id}-equivalence classes in our language. The formula for |P G-eq (T, Λ)| is a generalization of the formula in [MM] . The latter formula is for |P G-eq (T, Λ)| with G = {id}, in our language.
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(1-1) G-equivalence of primitive embeddings Unless otherwise stated, by a lattice L := (L, ( * , * * )), we mean a pair of a free Z-module L of finite rank and its non-degenerate symmetric integral-valued bilinear form ( * , * * ) : L × L → Z. We employ the same basic notions as in [Ni1] , e.g. L * = Hom(L, Z). Some of the results [Ni1] are summarized in both [Mo] and [Og3] .
Let Λ = (Λ, ( * , * * )) be an even, unimodular, indefinite lattice. Consider an even lattice T which admits at least one primitive embedding ι 0 : T ֒→ Λ, and a subgroup G ⊂ O(T ). Let S be a lattice isomorphic to the orthogonal lattice ι 0 (T ) ⊥ in Λ and choose an isomorphism ι S 0 : S ≃ ι 0 (T ) ⊥ . Throughout sections 1 and 2, the objects Λ, T , ι 0 , G, S and ι S 0 are fixed. Definition 1.1. Two primitive embeddings ι :
Our main interest in this section is the set of all primitive embeddings: P(T, Λ) := {ι : T ֒→ Λ; primitive embedding} and the set of G-equivalence classes, i.e. the quotient set
We denote the restriction of the bilinear form ( , ) on Λ to S and T , respectively, by ( , ) S , ( , ) T . These coincide with the original bilinear forms of S and T . (Here and hereafter, we often identify T and S with the primitive sublattices ι 0 (T ) and ι 0 (T ) ⊥ = ι S 0 (S) of Λ via the fixed isomorphisms ι 0 and ι S 0 . ) Since Λ is unimodular, we identify Λ with Λ * by l → (l, * ). Since both S and T are primitive in Λ, we have surjective maps
Ker(π S ) = T and Ker(π T ) = S by definition and by the primitivity of S and T , these surjective maps induces natural isomorphisms:π
The induced maps are written explicitly as
where l S , l T are defined by the orthogonal decomposition l = l S + l T made in Λ ⊗ Q = (S ⊕ T ) ⊗ Q with respect to the Q-linear extension of the bilinear form ( , ). We make the identifications S ⊂ S * ⊂ S ⊗ Q and T ⊂ T * ⊂ T ⊗ Q via the respective nondegenerate forms ( , ) S and ( , ) T .
The discriminant group of the lattice (S, ( , ) S ) is the quotient A S := S * /S. Since the lattice S is even, we have a natural quadratic form q S :
where ( , ) S⊗Q is the natural Q-linear extension of the bilinear form ( , ) S of S.
Similarly we have the discriminant group A T with the quadratic form q T :
→A S be the composition of the induced maps in (1.1). Then σ 0 is an isometry:
Since the quadratic forms q S and q T take their values in Q/2Z, we have
. Therefore the claim follows.
(1-2) Number of G-equivalence classes of primitive embeddings As it is well-known, primitive embedding of T into Λ are closely related to the so-called genus of the lattice S. We shall briefly recall this here. Remark. The equivalence of 1) and 2) is a result of Nikulin [Ni, Corollary 1.9.4] . From the condition 2), we have det
As it is well-known these equalities imply the finiteness of the genus G(M ) (see e.g. [Cs, Page 128, Theorem 1.1 
]).
Let us consider the genus G(S) of S and put:
By definition, we have an isomorphism (A S , q S ) ∼ = (A Sj , q Sj ) for each S j ∈ G(S). Since σ 0 : (A T , −q T ) ∼ = (A S , q S ) by Proposition 1.2, we can then choose an isomorphism for each S j ∈ G(S):
Throughout sections 1 and 2, these isomorphisms ϕ j (1 ≤ j ≤ m) are fixed. Now consider an arbitrarily primitive embedding ι : T ֒→ Λ. We have, by Proposition
and also sgn ι(T ) ⊥ = sgn Λ − sgn T . Therefore there exists a unique j = j(ι) ∈ {1, 2, · · · , m} and an isomorphism S j ∼ →ι(T ) ⊥ . If two primitive embeddings ι : T ֒→ Λ and ι ′ : T ֒→ Λ are G-equivalent, there exist elements Φ ∈ O(Λ) and
we have the following well-defined disjoint unions:
Our first main result is the following:
In particular,
Let T and S be the even lattices defined in subsection (1-1) and fix S j ∈ G(S). The goal of this section is to show the equality in Theorem 1.4:
This clearly implies the second equality in Theorem 1.4. In the subsection (2-1), we construct a bijection between the set O(S j ) \ O(A Sj )/G and the set E G-eq j of G-equivalence classes of even, unimodular integral over-lattices of S j ⊕T (Definition 2.6, Proposition 2.7). In the next subsection (2-2), we construct a bijection between P G-eq j (T, Λ) and E G-eq j (Proposition 2.9). These two Propositions complete the proof of Theorem 1.4.
(2-1) Over-lattices and discriminant groups
Remark. 1) The bilinear form ( , ) L is Q-valued and the over-lattice is not integral in general. An over-lattice L is called integral if its bilinear form ( , ) L is Z-valued. An integral over-lattice is a lattice in our sense.
2) Let us consider the natural projection
is an over-lattice of S j ⊕T . Clearly, these two correspondences are mutually inverse, and hence give a bijection between the set of over-lattices of S j ⊕ T and the set of submodules of S *
We also define the subset of U j which consists of even lattices;
2) The natural projectionsπ L,Sj andπ L,T shown in the following diagram are both isomorphisms as a group:π
Since L is unimodular and since T ⊂ L and T ⊥ ⊂ L are both primitive, we have natural isomorphisms
Note also that |det S j | = |det S| = |det T |. Since the two lattices S j ⊂ T ⊥ have the same rank, we have then S j = T ⊥ . This implies the assertions 1) and 2). Let us show the assertion 3). Let l ∈ L. By 2), we have an orthogonal decom-
for all l is equivalent to the condition described in the assertion 3).
By Lemma 2.3, 3), each L ∈ E j gives rise to an isometry
Combininig this with Proposition 2.4, we obtain the following bijective correspon-
are inverses of each other:
Then the following map is bijective:
Proof. The assignment σ → σ • ϕ j gives a bijection between O(A Sj ) and the set {ϕ : (
Combining this bijection with the bijection (2.3), we obtain the result.
2) We denote the set of G-equivalence classes of the elements of
This sends an over-lattice L ⊂ S *
Proposition 2.7. The bijective map µ j : O(A Sj ) → E j in the Lemma 2.5 descends to the bijective map:μ
where the double coset is defined as in Theorem1.4.
•ϕj and L σ2•ϕj , and thus we have Φ(
Comparing these two equations, we obtain
To see that the map µ j is well-defined on the double coset
. Now it is clear from the above calculations that for the Q-linear extensions f ⊕ g :
Then, by Remark after Definition 2.6, L σ1•ϕj and L σ2•ϕj are G-equivalent. These two observations show that the map µ j descends to a well-defined injective mapμ j . Since µ j is surjective, so isμ j .
(2-2) G-equivalence classes of primitive embeddings and over-lattices
We choose a representative ι : T ֒→ Λ of this G-equivalence class. We also fix an isometry σ :
⊥ ⊕ ι(T ) and its extension to the dual lattices. Then one has the following commutative diagram:
where we define the over-lattice
Lemma 2.8. The over-lattices L(σ, ι) above satisfy the following:
Proof. The claim 1) follows from the following commutative diagram and the definition of the G-equivalence of the over-lattice:
To prove 2), assume G-equivalent primitive embeddings ι : T ֒→ Λ and
. Then the claim immediately follows from the following commutative diagram and the definition of G-equivalence in E j :
Proposition 2.9.
1) The following map is well-defined:
2) The map ξ :
Proof. The well-definedness of the map ξ is immediate by Lemma 2.8. To show surjectivety, let [K] be in E G-eq j . Then we have S j ⊕ T ⊂ K ⊂ S * j ⊕ T * , and T ֒→ K is primitive. Let ι K : T ֒→ K be an inclusion. Since K is an even unimodular indefinite lattice, there exists an isometry f : K ∼ →Λ by the Theorem of Milnor (see [Se] ). Then for the embedding ι := f • ι K : T ֒→ Λ and
To show the injectivity of ξ,
where Φ Sj := Φ| Sj ∈ O(S j ) and We will be mainly interested in the FM number of a K3 surface. This number is known to be finite. A FM partner of a K3 surface is again a K3 surface by a result of Mukai [Mu3] and Orlov [Or] (See also [BM1] ).
By a K3 surface, we mean a smooth projective surface X over C with O X (K X ) ∼ = O X and h 1 (O X ) = 0. We denote by ( * , * * ) the symmetric bilinear form on H 2 (X, Z) given by the cup product. Then (H 2 (X, Z), ( * , * * )) is an even unimodular lattice of signature (3, 19) . This lattice is isomorphic to the K3 lattice
where U is the hyperbolic lattice (an even unimodular lattice of signature (1,1) ). An isomorphism τ : H 2 (X, Z) → Λ K3 is called a marking and a pair (X, τ ) is called a marked K3 surface. We denote by N S(X) ≃ Pic(X) the Néron-Severi lattice of X and by ρ(X) the Picard number, i.e. the rank of N S(X). The lattice N S(X) is primitive in H 2 (X, Z) and has signature (1, ρ(X) − 1). We call the orthogonal lattice T (X) := N S(X) ⊥ in H 2 (X, Z) the transcendental lattice. T (X) is primitive in H 2 (X, Z) and has signature (2, 20 − ρ(X)). We denote by ω X a nowhere vanishing holomorphic two form on X. Then one has a natural inclusion
This defines a Hodge structure (T (X), Cω X ) of weight 2 on T (X). Note that T (X) is the minimal primitive sublattice of H 2 (X, Z) such that T (X) ⊗ C contains Cω X . The following is a fundamental theorem connecting three aspects of FM partners of K3 surfaces. Statement 1) is categorical, 2) is arithmetical, and 3) is geometrical.
Theorem 3.2. ([Mu3] , [Or] , see also [BM1] and [HLOY] for summary) Let X and Y be K3 surfaces. Then the following statements are equivalent:
3) Y is a two dimensional fine compact moduli space of stable sheaves on X with respect to some polarization on X.
For the rest of this section, X will be a K3 surface. We now specialize Theorem 1.4 to the case
In the Appendix (Proposition A.1), we show that the group G is finite cyclic of even order. As before we write G(N S(X)) = {S 1 = S, S 2 , · · · , S m } where m = |G(N S(X))|. 
Moreover, under this bijection a primitive embedding ι with ι(T )
As an immediate corollary, we get The Counting Formula 3.4.
Moreover the jth summand here coincides with the number of FM partners
Proof of Theorem. For convenience we identify H 2 (X, Z) = Λ K3 through a fixed marking τ X and set (T, Cω) = (T (X), Cω X ) ⊂ H 2 (X, Z) under the natural inclusion. We proceed in five steps.
Step 0. For an arbitrary primitive embedding ι : T ֒→ Λ K3 , there exists a marked K3 surface (Y, τ Y ) with the commutative diagram:
Proof. This follows immediately from the surjectivity of the period map (see e.g. [BPV] ), and the minimality of T .
Step 1. There is a map,c : 
is a Hodge isometry, which means that Y ′ ∼ = Y by the Torelli Theorem (See e.g. [BPV] ). Therefore there exists a well-defined mapc :
Step 2. The mapc is surjective. 
where
a primitive embedding and Y =c(ι).
Step 3. If two primitive embeddings ι, ι ′ : (T, Cω) ֒→ Λ K3 are G-equivalent, theñ c(ι) =c(ι ′ ). This together with the surjectivity in Step 2 entails that the mapc descends to a surjective map c :
Proof. Suppose ι, ι ′ : (T, Cω) ֒→ Λ K3 are G-equivalent, and denote Y =c(ι), Y ′ = c(ι ′ ). We also fix markings τ Y , τ Y ′ of Y and Y ′ . Then we have the following commutative diagram:
where Φ ∈ O(Λ K3 ) and g ∈ G = O Hodge (T, Cω). From this diagram, we have a Hodge isometry τ −1
′ by the Torelli Theorem.
Step 4. The induced map c :
We fix markings τ Y , τ Y ′ for Y and Y ′ , respectively. To see the injectivity we show that f :
Then we have the following commutative diagram:
From this diagram we obtain;
It now follows that c is bijective. The second assertion in the theorem is clear from the construction of c.
In an actual application of the Counting Formula, we need to determine the genus of N S(X). However, there is as yet no general algorithm to determine G(S) of a given lattice S. In [Og3] , it has been also observed that for an arbitrarily given number N , there is a K3 surface X with ρ(X) = 2 and G(N S(X)) ≥ N (so that |F M (X)| ≥ N as well).
On the other hand, it is known by Mukai [Mu3] that if ρ(X) ≥ 12 then |F M (X)| = 1. |F M (X)| for a K3 surface X with ρ(X) = 1 is also explicitly calculated by [Og3] . These two explicit formulas are also derived from the Counting Formula plus some additional consideration. (See also [Ma] for a few other non-trivial concrete calculations.)
We shall give here another particular case: Although the authors do not know how to define the notion "general" in a countable set rigorously, at least intuitively, we may regard the square free condition of |detS| as a general conditions in the set of isomorphism classes of even hyperbolic lattices of fixed rank. In this intuitive sense, we conclude from this Corollary that a general K3 surface X of fixed Picard number ρ has no FM partner other than X itself, provided that ρ ≥ 3. However this is not the case where ρ = 1 or 2 [Og3] .
where S = N S(X). We will show that the number of isomorphism classes of rank 2 even hyperbolic lattices of determinant d is at most M (M + 1), which obviously bounds |G(S)| from above. For this, we'll apply a result in [Cs] . Let f be the an even hyperbolic quadratic form in two variables of determinant d, and a ∈ Z 2 be a primitive vector with 2c := f (a) > 0. Choose T ∈ GL(2, Z), so that T (a) = (1, 0), and consider the equivalent form f * (x) := f (T −1 x). Then f * has the shape f * (x) = 2cx
Applying the transformations x 1 → x 1 ± x 2 , x 2 → x 2 , repeatedly if necessary, we can make 0 < β ≤ 2c . Now by Lemma 3.2 of [Cs, p136] , a can be choosen so that 0 < 2c ≤ 3 
Proof. By Theorem 1.3 of [Cs, p202] , the genus of N S(X) in this case has just one class. Now our assertion follows from the Counting Formula. §4. Class Numbers and Fourier-Mukai Numbers
The main result of this section, Theorem 4.3, reformulates the two class number problems, Questions I and II, in terms of K3 surfaces.
We begin with the following key observation that every question about the class numbers of real quadratic fields can, in principle, be recast in terms of K3 surfaces, as we now show. Proof. Consider the K3 lattice Λ = U ⊕3 ⊕ E 8 (−1) ⊕2 . Since sgn Λ = (3, 19), sgn S = (1, rk S − 1), and rk S ≤ 10 ≤ rk Λ − l(A S ) − 2, it follows from Nikulin's embedding theorem [Ni1] that S can be regarded as a primitive sublattice S ⊂ Λ. Let T = S ⊥ in Λ, and pick a generic vector ω ∈ T ⊗ C with (ω, ω) = 0 and (ω,ω) > 0. By the surjectivity of the period mapping, there is a marked K3 surface (X, ι), ι : H 2 (X, Z) ≃ Λ, with ι(ω X ) = ω. By the genericity of ω, it follows that T is the minimal primitive sublattice of Λ such that ω ∈ T ⊗ C. Therefore T (X) = ι −1 (T ), and hence we have N S(X) ≃ S.
There is a well-known relation between the class numbers of quadratic fields and binary forms, and hence rank 2 even lattices. We briefly recall some basic background on class numbers.
Let D be a fundamental discriminant.
, and let O K denote its ring of integers. Let H(D) denote the ideal class group of O K . By this, we always mean throughout this section, the ideal class group in the narrow sense, i.e. the quotient of the group of fractional ideals of O K , by the subgroup of principal fractional ideals with positive norm. A theorem of Hurwitz says that H(D) is finite. The number
is the class number of K.
The object most relevant to us, in this section, will turn out to be the class number h(D) for a positive square-free discriminant D, so that D ≡ 1 mod 4. We'll make this important assumption from now on. In this case, we have
be the prime factorization in Z. Here are the explicit correspondences between the three sets above. First, we have
where α ′ and β ′ are the respective conjugates of α, β in Q( √ D), and
Finally we have
See [Za, §10] for more details on these correspondences. We recall a few more facts about the sets H(D), B(D), L(D). For details, see [Za, §12] and [Cs, Chap. 14 §3] . Consider the exact sequence
where sq(x) = x 2 and J is the kernel of sq. It is known that
where n is the number of prime factors of D. Given a rank 2 even lattice L with det L = −D, let 7 G(L) := the set of proper isomorphism classes of lattices in the same genus as L.
, and a decomposition of the form
r.t. SL(2, Z).
3 By our assumption on D, these binary forms are necessarily primitive forms. 4 i.e. orientation-preserving 5 Here the representative I is chosen to be an ideal in O K and N (I) = |O K /I|. 6 We can always arrange that a > 0. 
where σ = −1 0 0 1 gives the generator of the cyclic group GL(2, Z)/SL(2, Z) of order 2.
We are now ready to recast Gauss' questions in the Introduction.
Theorem 4.3. If D = p is a prime and X is a K3 surface with
Remark. Since p ≡ 1 mod 4, the lattice
there is a K3 surface X such that N S(X) ≃ S 0 . We also note that
is a fixed point under the involution σ. In fact, we have σ t S 0 σ = A t S 0 A, where
Since G(S) consists of isomorphism (not necessarily proper) classes of lattices, it follows that G(S) is the orbit space of the group σ = GL(2, Z)/SL(2, Z) acting oñ G(S). Since |J | = 1 because n = 1, it follows that there is just one class [L] ∈G(S) (in fact, [L] = [S 0 ]) which is fixed by σ acting onG(S). Since σ is an involution, it follows that
On the other hand, the group A S has p elements. Since p is prime, it follows that A S ≃ Z/p, and that O(A S ) = {±id}. Since the group O Hodge (T (X), Zω X ) obviously contains ±id, it follows that each of the quotients O(A Si )/O Hodge (T (X), Cω X ) in the Counting Formula for |F M (X)| has just 1 element. Therefore
Now our assertion follows from equations (4.1)-(4.3).
The following table gives the list of all class numbers h(p) = 1 for prime p ≡ 1 mod 4, with 1 < p < 1600, which can be found in [Fl] . The corresponding FM numbers, calculated using Theorem 4.3, are given in the third column. This table also includes the first known examples of K3 surfaces whose FM numbers are not powers of 2. The table seems to suggest that there may be an infinite sequence of primes, 229, 401, 577, 1129, 1297,... such that the corresponding FM numbers go to infinity. cf. Question II' below. 3  2  257  3  2  401  5  3  577  7  4  733  3  2  761  3  2  1009  7  4  1093  5  3  1129  9  5  1229  3  2  1297 11  6  1373  3  2  1429  5  3  1489 Let f : X → ∆ be a non-trivial smooth family of projective K3 surfaces over the unit disk ∆. (Our assumption of projectivity of fibers is weaker than the assumption that the morphism f is projective, see e.g. [Og2, Proposition] for explicit examples.) Let τ : R 2 f * Z X ≃ Λ K3 × ∆ be a marking. Then by [Og1, main Theorem] , there exist a dense countable set S ⊂ ∆ and a primitive lattice S ⊂ Λ K3 such that τ t (N S(X t )) = S for all t ∈ ∆ − S and τ s (N S(X s )) ⊃ S (but τ s (N S(X s )) = S) for all s ∈ S. We set G := ∆ \ S. Then G is a dense and uncountable subset of ∆ by Baire's category Theorem. As in [Og1, 2] , we call a point in S a special point and a point of G a general point. In this section, we study the FM numbers |F M (X t )| of fibers X t as a function of t ∈ ∆.
Proposition 5.1. 1) There is at most a countable set R ⊂ G such that |F M (X t )| is constant on G \ R, say N , and |F M (X t )| < N for t ∈ R .
2) If rank S is odd, then |F
Proof. Set T := S ⊥ in Λ K3 . Then, we have τ t (T (X t )) = T for t ∈ G and τ t (T (X t )) ⊂ T for all t ∈ ∆. Consider the direct image sheaf f * Ω 2 X /∆ . This is a free subsheaf of rank one of R 2 f * Z X ⊗ Z O ∆ by the Hodge theory and by the fact that ∆ is Stein. Letω be a nowhere vanishing global section of f * Ω 2 X /∆ , and set ω = τ (ω) ∈ Γ(∆, Λ K3 ⊗ O ∆ ).
Then by the base change Theorem, one has thatω t is a holomorphic 2-form on X t , Cω t = τ t (Cω t ) and (T, Cω t ) is a weight two Hodge structure on T for each t ∈ ∆. Here we put ω t := ω(t) and similarlyω t :=ω(t). The period map p : ∆ → P(Λ K3 ⊗ C) with respect to the marking τ is then given by
This p is a holomorphic map by the result of Griffiths.
By the definition of G, we have also (T, Cω t ) = τ t (T (X t ), Cω Xt ) if t ∈ G. By Proposition A.1 in the Appendix, if t ∈ G, then O Hodge (T, ω t ) = g t ≃ Z/2I t and g t (ω t ) = ζ 2It ω t , where I t is a natural number such that ϕ(2I t )|rank T and ζ 2It is a primitive 2I t -th root of unity. Note that the sets O Hodge (T, ω t )(⊂ O(T )) form a countable subset of O(T ), that the set of natural numbers I such that ϕ(2I)|rank T is finite, and that the set of the primitive 2I-th roots of unity is also finite for each I. Since G is uncountable, there then exist an uncountable subset G 0 of G, an element g ∈ O(T ), a natural number I and a primitive 2I-th root of unity ζ 2I such that O Hodge (T, Cω t ) = g ≃ Z/2I and g(ω t ) = ζ 2I ω t for all t ∈ G 0 .À priori, such pairs (G 0 , ζ 2I ) are not unique. We choose a pair for which I is maximum among all the possible such pairs. This is possible because I belongs to a finite set.
Set T 2I := {x ∈ T ⊗ C|g(x) = ζ 2I x} ⊂ T ⊗ C, the eigenspace of g on T ⊗ C of eigenvalue ζ 2I . Then Cω t ⊂ T 2I for t ∈ G 0 . This means that
Since P(T 2I ) is a linear subspace of P(Λ K3 ⊗ C), p is holomorphic and G 0 is uncountable, the inclusion above implies p(∆) ⊂ P(T 2I ), i.e. Cω t ⊂ T 2I for all t ∈ ∆. In particular, g ⊂ O Hodge (T, Cω t ) for all t ∈ ∆.
Claim. Set T = {t ∈ G| g = O Hodge (T, Cω t )}. Then T is at most a countable set.
Proof. Assume the contrary that T is uncountable. Then, by applying the same argument above for this T (⊂ G), we find an uncountable subset T 0 of T , an element g ′ ∈ O(T ) and a natural number
Since g ∈ O Hodge (T, Cω t ) and g = O Hodge (T, Cω t ) for all t ∈ T 0 , this implies I|I ′ and I < I ′ . However, this contradicts the maximality of I. Therefore T is at most a countable set.
Let {S j } m j=1 be the genus of S. Since O Hodge (T, Cω t ) = g for all t ∈ G − T and g is independent of t, the image of the composite of the natural map and a fixed adjoint map
is constant for all t ∈ G − T , say G j ⊂ O(A Sj ). Therefore, by the Counting Formula, |F M (X t )| is constant for all t ∈ G − T , say N . If t ∈ T , then by g ⊂ O Hodge (T, Cω t ), we have
for all j. Therefore by the Counting Formula, we have |F M (X t )| ≤ N for t ∈ T . Since T is a countable set, the set R := {t ∈ T ||F M (X t )| < N } is also countable. This subset R satisfies the requirement of the first statement of the Proposition.
Let us show the second assertion. Let I and G 0 be the same as above. Since ϕ(2I)|rank T and since ϕ(J) is even unless J = 1, 2, we have I = 1, i.e. {±id T } = O Hodge (T, Cω t ) for all t ∈ ∆. So we can take G as G 0 . Therefore T is an empty set. Hence R = ∅ as well. This completes the proof.
Corollary 5.2. There is a real analytic circle
Proof. Let a be a real number with |a| < 1 2 . Set α a = (a + a √ −1)/ √ 2 and consider the real analytic circle S(α a ) = {t ∈ C| |t − α| = 1/2}. Note that S(α a ) ⊂ ∆. Since S ∪ R is countable, we can write S ∪ R = {x i } i∈N . For each x i , the equation |x i −α a | = 1/2 in a has at most two solutions, say a i and b i . Choose an element a in the non-empty set {a ∈ R||a| < 1/2}\{a i , b i } i∈N . Then S(α a ) ⊂ ∆\(S∪R) = G\R. Therefore |F M (X t )| is constant over this S(α a ) by Proposition 5.1.
On the other hand, the behaviour of |F M (X t )| at special points seems rather chaotic even if the family is projective. We remark the following two mutually opposite, extreme phenomena at special points: 
Proof of 1). Let X be a generic Jacobian K3 surface, i.e. a generic elliptic K3 surface with a section. Then one has N S(X) = E, F ≃ U , where F is the class of fiber and E is the class of section. Set
is an increasing sequence of odd prime numbers.
and H is an ample primitive class on X, by the Nakai-Moishezon criterion, if p 1 is chosen to be large. Let k : U → K be the Kuranishi family of X. Then U 0 = X. Choose a marking τ : R 2 k * Z U ≃ Λ K3 × K and define the period map
By the local Torelli Theorem, p is a local isomorphism. Since we work locally around 0 ∈ K, we may then identify K with an open neighborhood of p(0) of the period domain D by p, which we denote again by D. Under this identification, we have p(0) = 0. Let e, f and h be the elements of Λ K3 corresponding to E, F and H under the marking τ . Let us consider the 19 dimensional smooth subset
Note that 0 ∈ h ⊥ by the Lefschetz (1, 1)-Theorem. Let ∆ be a generic disk such that 0 ∈ ∆ ⊂ h ⊥ . Consider the restriction k ∆ : U ∆ → ∆ of the family to ∆. By the Lefschetz (1, 1)-Theorem, the genericity of ∆ and the primitivity of h, we have h ∈ τ t (N S(U t )) for all t ∈ ∆ and τ t (N S(U t )) = Zh for general t. Then, by taking the long exact sequence of the higher direct image sheaves of the exponential sequence 0 → Z U∆ → O U∆ → O × U∆ → 1 and using Hodge theory, we find an invertible sheaf H on U ∆ such that τ t (H t ) = h for all t ∈ ∆. Since H 0 = h is ample on U 0 , the sheaf H is relatively ample over a small disk 0 ∈ ∆ ′ (⊂ ∆). By replacing ∆ by ∆ ′ , we may assume from the first that H is relatively ample over ∆. So, the family k ∆ : U ∆ → ∆ is projective. Moreover |F M (U 0 )| = |F M (X)| = 1 by the Counting Formula and by the fact that N S(X) ≃ U . Note that the genus of U is {U } and O(A U ) = {id}. This is because U is even unimodular and hyperbolic. On the other hand, for any general t, we have N S(U t ) ≃ Zh and (h 2 ) = 2p 1 · p 2 · · · p N +1 . Therefore by the explicit formula in [Og3] , we have |F M (U t )| = 2 N > N . Therefore the family k ∆ : U ∆ → ∆ satisfies the requirement of Proposition 1).
Proof of 2)
. Let X be a K3 surface whose N S(X) is isomorphic to a lattice S = 2a b b 2c such that |G(S)| > N and such that detS = −pq , i.e. b 2 − 4ac = pq .
Here p and q are distinct odd prime numbers (including 1) such that pq ≡ 1 mod 4. The existence of such X is observed in [Og3] . Note that |F M (X)| > N by the Counting Formula and by |G(S)| > N . By choosing an integral basis of S inside in the positive (half) cone, we may assume that a > 0 and c > 0. Note also that b is an odd integer because 4 ∤ det S. Consider the function 2F (x, y) := (x, y)S x y = 2(ax 2 + bxy + cy 2 ) .
Since the discriminant b 2 −4ac = pq is assumed square free, it follows that F (x, y) ∈ Z[x, y] is irreducible and primitive. If either a or c is odd, then either F (1, 0) or F (0, 1) is odd. If both a and c are even, then F (1, 1) = a + b + c is odd. In any case, F represents at least one odd number. So F represents infinitely many prime numbers [Iw1] . In particular, there is an element H ∈ N S(X) such that (H 2 ) = 2P for some odd prime number P . This H is primitive because 2P is square free. This H also lies in the positive cone of X. Therefore we can map H into the closure of the ample cone of X by a suitable composition of the reflections and −id. This is because the ample cone is the fundamental domain of the reflection group acting on (the connected component of) the positive cone. So we may as well assume that H lies in the closure of the ample cone. Since rank N S(X) = 2, the boundary of the ample cone of X consists of two half lines. Thus we can choose a prime P represented by F , so that H lies in the interior of the ample cone. Therefore we may as well assume that H is an ample primitive class of X. Now applying the same argument as in the proof of 1), we find a projective family of K3 surfaces f : X → ∆ and an f -ample invertible sheaf H such that X 0 = X and such that N S(X t ) = ZH t and (H 2 t ) = 2P for general t. Then by the explicit formula of [Og3, Proposition 1.7] , one has |F M (X t )| = 1 for general t. But we have |F M (X 0 )| = |F M (X)| > N by our choice of X. Therefore, this family satisfies the requirement of Proposition 2).
Appendix. The group of Hodge isometries
In this appendix, for the sake of completeness, we shall give a proof of the following Proposition applied in the previous section. This is probably well-known to experts. Our proof here is similar to an argument found in [Ni2] [St] . Proof. We proceed in five steps.
Step 1. |O Hodge (T, Cω)| < ∞.
Proof. Put t := rank T . Let P := Re ω, Im ω . Then P is a positive definite 2-dimensional plane by (ω, ω) = 0, (ω, ω) > 0. Set N := P ⊥ in T ⊗ R. Since sgn T = (2, t − 2), N is a negative definite. Let g ∈ O Hodge (T, Cω). By definition of O Hodge (T, Cω), we have g(P ) = P and g(N ) = N . Therefore, via the assignment g → (g|P, g|N ), we have an embedding O Hodge (T, Cω) ⊂ O(P ) × O(N ). This should be continuous. Since P and N are both definite, O(P ) × O(N ) is compact. Since O Hodge (T, Cω) ⊂ O(T ) is discrete, this implies the result.
Let g ∈ O Hodge (T, Cω). Then g(ω) = α(g)ω for some α(g) ∈ C × . The assignment g → α(g) defines a group homomorphism α : O Hodge (T, Cω) → C × .
Step 2. α is injective.
Proof. Let g ∈ Ker α. Since g is defined over Z (i.e. g is represented by a matrix of integral entries with respect to integral basis of T ), the invarinat set T g := {x ∈ T |g(x) = x} is a primitive sublattice of T such that T g ⊗ C = (T ⊗ C) g ∋ ω. Thus, by the minimality condition, we have T g = T . This means g = id T .
Step 3. O Hodge (T, Cω) ≃ Z/2I for some I ∈ N.
Proof. By Steps 1 and 2, O Hodge (T, Cω) is isomorphic to a finite subgroup of the multiplicative group C × of the field C. Such groups are always cyclic. Therefore O Hodge (T, Cω) is a finite cyclic group. Since the involution −id T is an element of O Hodge (T, Cω), the order of O Hodge (T, Cω) is also even.
Set O Hodge (T, Cω) = g . Then ord (g) = 2I.
Step 4. All the eigenvalues of g (on T ⊗ C) are primitive 2I-th roots of unity.
Proof. Since ord (g) = 2I, all the eigenvalues of g are 2I-th roots of unity. Since α is injective, g(ω) = ζ 2I ω, where ζ 2I is a primtive 2I-th root of unity. Let d be a positive integer such that d|2I and d = 2I. Suppose that g admits a primitive d-th root of unity ζ d as its eigenvalue. Then g d has an eigenvalue 1. Since g is defined over Z, there is x ∈ T − {0} such that g d (x) = x. Since g d (ω) = ζ e ω, where e = 2I/d > 1 and ζ e is a primitive e-th root of unity, we have
This implies (x, ω) = 0, because ζ e = 1 by e > 1. However, we have then ω ∈ (x) ⊥ ⊗ C, a contradiction to the minimality condition of T . Therefore all the eigenvalues of g are primitive 2I-th roots of unity.
Step 5. ϕ(2I)|t = rank T .
Proof. Since g is defined over Q and the primitive 2I-th roots of unity are mutually conjugate over Q, their multiplicities as eigenvalue of g are the same, say m. Combining this with the fact that the number of primitive 2I-th roots of unity is ϕ(2I), we have m · ϕ(2I) = t. This implies ϕ(2I)|t.
